Using the experimental data of Paret and Tabeling ͓Phys. Rev. Lett. 79, 4162 ͑1997͔͒ we consider in detail the dispersion of particle pairs by a two-dimensional turbulent flow and its relation to the kinematic properties of the velocity field. We show that the mean square separation of a pair of particles is governed by rather rare, extreme events and that the majority of initially close pairs are not dispersed by the flow. Another manifestation of the same effect is the fact that the dispersion of an initially dense cluster is not the result of homogeneously spreading the particles within the whole system. Instead it proceeds through a splitting into smaller but also dense clusters. The statistical nature of this effect is discussed. ͓S1063-651X͑99͒09804-9͔ PACS number͑s͒: 47.27.Qb, 05.40.Ϫa Understanding the dispersion of particles in a turbulent velocity field is both of practical importance and of much theoretical interest. It is of fundamental importance for the correct modeling of turbulent diffusion and mixing properties of flows, a basic issue in environmental studies. A great deal of experimental insight has been gained following the pioneering work of Richardson ͑1926͒, Ref. ͓1͔, but a full understanding of the problem is still lacking ͑see Ref. ͓2͔ for a review͒.
Understanding the dispersion of particles in a turbulent velocity field is both of practical importance and of much theoretical interest. It is of fundamental importance for the correct modeling of turbulent diffusion and mixing properties of flows, a basic issue in environmental studies. A great deal of experimental insight has been gained following the pioneering work of Richardson ͑1926͒, Ref. ͓1͔, but a full understanding of the problem is still lacking ͑see Ref. ͓2͔ for a review͒.
Experimental studies of particle dispersion by turbulent flows are always complicated by molecular diffusivity or buoyancy effects. Moreover, it is difficult to connect directly the properties of dispersion to the Lagrangian statistics of the velocity field since the particles' positions and the velocities are usually not measured simultaneously in one experiment, for the same flow realization. However, applying the digital particle-image velocimetry method to model flows in twodimensional cells one can obtain velocity fields v(r,t) with fine spatial and temporal resolution. These can then be used both for the analysis of Eulerian characteristics of the velocity field and for gaining arbitrary Lagrangian information by integrating the equations of motion of ''fictive'' particles ͑fluid elements͒ dr dt ϭV͑r,t͒, ͑1͒
starting from a given initial point r(t 0 ) at a given instant of time t 0 . This ''semiexperimental'' fictive-particle approach to the transport processes under turbulence, pursued earlier in Refs. ͓3-5͔, may be extremely fruitful.
In this paper we focus on the properties of particle pair and cluster dispersion by a two-dimensional turbulent flow generated in a shallow cell under electromagnetic forcing and density stratification. The most attention will be paid to the connection between the dispersion and the relative velocity correlation function, a quantity which is fundamental for the theoretical understanding of dispersion, and which is hardly accessible otherwise. The experimental data were provided by Paret and Tabeling, and are the same as that used in Refs. ͓3͔ and ͓5͔. The details of the experimental setup, data acquisition, and preprocessing procedures can be found in the same publications. The velocity field, in a cell of approximate dimensions 16 cmϫ16 cm, is digitalized on a 64 ϫ64 square grid, corresponding to a grid constant of a ϭ0.25 cm. This gives an array of 4096 velocity vectors V i, j (t) per time step of ⌬tϭ0.04 sec, from tϭ0 until t max ϭ60 sec. The fine time-discretization allows use of ⌬t as the integration step. In space, the value of the velocity V(r) ϭ"V x (r),V y (r)… at the point rϭ(x,y) is interpolated using the bilinear form Starting from the set of close particles with initial separation fixed at r 0 ϭ0.05 cm and initially placed within a square of size 1 cmϫ1 cm in the center of the system we integrate Eq. ͑1͒ for the particle pairs and average over Nϭ15 000 initial positions. The maximal integration time is chosen in such a way that the particles do not come into close vicinity of a boundary so as to avoid finite-size effects. The time dependence of ͗r 2 (t)͘, within a time range from 2 to 10 sec can be well fitted by the cubic form
with the constant Rϭ(2.5Ϯ0.1)ϫ10 Ϫ3 , as shown in Fig. 1 , where the behavior of ͗r 2 (t)͘ is plotted on double logarithmic scales. The value of R is obtained as a mean value of ͗r 2 (t)͘/t 3 for 2 secϽtϽ10 sec and the error bars denote the standard deviation of the mean. The inset shows the time dependence of ͗r 2 (t)͘/t 3 , which renders evidence of the existence of a plateau corresponding to Richardson's law and shows the value of R. The value of R found here agrees with one that can be infered from Fig. 18 of Ref. ͓5͔ using another initial distribution of particles. The time range 2 secϽt Ͻ10 sec will be referred to as Richardson's range. Our next task will be to relate this information to features of the kinematics of the velocity field.
The relative velocity v(r) of two particles depends on the mutual distance r and its mean square value ͗v 2 (r)͘ is ͑in the stationary regime͒ a function of r only ͓8,9͔. Its radial part, responsible for the particle dispersion, behaves typically as 
͑4͒
where is the characteristic viscous scale and L is the upper dimension of the Kolmogorov range. The coefficient B is connected with the energy dissipation rate in the flow ͓9͔. The behavior of v r 2 (r) obtained from the experimental data is shown in Fig. 2 . The characteristic value of L ͑viewed as a crossover from the power law to a plateau region͒ can be estimated as LϷ3 cm. A rough estimate for the lower boundary, based on a log-log presentation of v r 2 (r), gives Ϸ0.5 cm. This value is of the same order of magnitude as the characteristic discretization length of the system, a ϭ0.25 cm, and is thus somewhat ambiguous. The coefficient B obtained by a least-square-fit to the data in the range 0.5 cmϽrϽ3 cm is BϷ͑0.26Ϯ0.02͒ cm 4/3 /sec 2 . The value of the constant R is connected to the behavior of v(r) as a function of r and to the temporal correlations of the relative velocities, see Refs. ͓10͔ and ͓11͔. Note that the t 3 law stems essentially from pairs of particles moving ''ballistically,'' i.e., in such a way that the direction of the velocity is fixed, so that the relative distance is increasing. To estimate the mean square separation one can start from integrating the ballistic equation of motion for the relative distance, dr/dtϭ sep (r), and take the separation velocity to be of the order of rms relative velocity at the distance r, sep (r)Х͓ r 2 (r)͔ 1/2 , as in Ref.
͓9͔. For the mean square separation one then gets
with the numerical coefficient A being of the order of unity ͑but dependent on the exact assumptions done͒. Equation ͑5͒ typically overestimates R by 1.5-2 orders of magnitude compared to its measured value ͑this is too strong a discrepancy even for a simple scaling estimate͒. This means that only a small part of the pair population really separates in a ballistic way and thus contributes considerably to the overall dispersion, i.e., it indicates that the dispersion in a two-dimensional velocity field is governed not by typical but by rare, extreme events ͑possibly Lévy-enhanced, as proposed in Ref.
͓11͔͒.
The associated population can be estimated by calculating the direction correlation function of the relative motion ⌿(t)ϭ͗e(t 0 )e(t 0 ϩt)͘, where the average is taken over the pairs and over the times t 0 . Here e(t) is a unit vector in the direction of the relative velocity of a pair of particles at time t, e(t)ϭv(t)/͉v(t)͉, and v(t) is a relative velocity of a pair at time t. The function ⌿(t) is presented in Fig. 3 and shows rather unexpected behavior: at short times, tϽ2 sec it decays exponentially, but then it stagnates and reaches a plateau region lasting almost throughout the whole Richardson's range, until tϭ7 sec. After this it starts to oscillate near zero, these oscillations probably have purely statistical character. The height of the plateau obtained as a mean value of ⌿ in the interval 2 secϽtϽ7 sec is approximately ⌿ Ϸ6ϫ10
Ϫ3 . The important role played by ⌿(t) is rendered clear by turning to a Drude-like kinematic description of dispersion ͓11͔, based on a Lévy-walk-picture of Ref. ͓12͔. In Ref. ͓11͔ the dispersion process was considered to be due to a laminar ballistic motion interrupted by distinct scattering events. After such an event the direction of the relative velocity is chosen at random. In this model the function ⌿(t) is exactly the probability that no scattering has taken place during the time t, and thus the value of ⌿ is a good estimate of the effective fraction of particles undergoing ballistic separation. Note that the simple weighing of the value of r 2 (t), given by Eq. ͑4͒, with the factor ⌿ gives an estimate for the proportionality factor R in Eq. ͑3͒, which has the correct order of magnitude. This estimate shows that only the pairs that undergo ballistic separation contribute considerably to the relative dispersion. The number of such pairs, keeping constant the average direction of the relative velocity for considerable times, is small. The pairs whose relative velocity has changed many times, contribute much less to the overall dispersion; the particles in such pairs stay closer together during considerable time. Thus, the Richardson's behavior in the case considered stems not from the typical separation in a pair of particles, but from the extremely and ballistically separated ones.
To prove this assumption we calculated the distribution of the interparticle distances at different times and mostly concentrated on the low-order integral characteristics of this distribution. Thus, in addition to the mean-square distance 2 (t)ϭ͗r 2 (t)͘ we calculated the mean absolute distance m(t)ϭ͗r(t)͘ and the median ⌳(t), defined as the distance such that exactly N/2 of the pairs have the separation r р⌳. The time evolution of (t)ϭ͗r
, m(t), and ⌳(t) for the times within the Richardson's range is shown in Fig.  4 . The results show that the relative first moment z ϭm(t)/(t) does not strongly change during the Richardson's range and eventually reaches the value of approximately 0.5. On the other hand, the relative value of the median, l ϭ⌳(t)/(t), at the end of the Richardson's range is approximately 0.075. We compare these values to the ones following from the Richardson's diffusion approximation ͓1͔, describing the process by the equation for the distance neighbor function,
with the effective turbulent diffusivity K(r)ϭ␣r 4/3 . The rotation-symmetric solution of this equation in 2D reads
From Eq. ͑7͒ the time-independent, universal values of z and l follow. That is, zϭ7ͱ15/64Ϸ0.751 and l is approximately 0.565. The value of l is equal to lϭ 3/2 /2ͱ15, with is a root of the transcendent equation e ϭ2ϩ2ϩ 2 . We see that both values are larger than those obtained through simulations. Especially drastic is the discrepancy in the values of l; the value from diffusion approximation is almost 2 orders of magnitude larger than the ''experimental'' one. This means that the typical pair is hardly dispersed by the flow, and that particles initially close together stay clustered during considerable times. This finding parallels the picture of dispersion of two close particles following from the simulations of Ref.
͓13͔.
Let us confront these findings with the behavior of single particles. The fractal non-Brownian trajectories of particles were found in many different types of fluid motion, e.g., in chaotic flows ͓14͔, in motion of particles driven by capillary waves ͓15͔, and in two-dimensional turbulent flows, both decaying and stationary ͓5͔. In all these cases the typical behavior of tracer particles can be considered as a sequence of periods of fast, directed motion ͑flights͒ interrupted by periods of slow, erratic motion ͑quoted as traps in Ref. ͓14͔͒. When we turn to the consideration of pairs of particles, we find that most of the initially close pairs stay close to each other during considerable times, performing similar motions both during the flight and the trapping periods, and following close trajectories in space. On the other hand, this means that the large separations giving rise to the overall dispersion ͑i.e., flights in the relative motion of particles͒ are much more rare than when assuming the particles to move independently from each other. On the other hand these events ͑although rare͒ are the ones contributing considerably to Richardson's dispersion.
We illustrate the cluster nature of the particles' dispersion by presenting the result of calculations in which we simultaneously trace Nϭ400 particles, initially placed within a 1 cmϫ1 cm square. The size of the region is laying within the inertial range, so that the region is inevitably dispersed. We show snapshots of the particles' positions at tϭ1, 3, 9, and 30 sec in Fig. 5 . We see that particles' dispersion results from stretching and folding the initial region. On the other hand, even at very long times the particles stay clustered in few dense ''clouds,'' and only few of them are present as solitary ones. This cluster nature of turbulent dispersion was already clear to Richardson ͑see Figs. 1-5 of Ref. ͓1͔͒, but was rarely stressed after him. Thus, the mean square distance between the particles is mostly governed by the characteristic distance between the clusters; the characteristic dimension of the clusters is only slightly larger than . The existence of clusters ͑clouds͒ is a very important feature of turbulent mixing in 2D and must be of extreme importance when considering, for example, the pollutants' spreading in the atmosphere. This clustering leads to a distribution of interparticle distances showing the pronounced peak at small distances. This finding is parallel to the results of the Lévy-walks based Drude-approach of Ref. ͓11͔ . Following a ''realtime'' development of the particles' position on a screen as a sort of movie we find that the dispersion mechanism corresponds in general to stretching and detachment of clusters, but that situations in which two clusters or individual particles merge together and travel for a while as a compact cloud also occure.
The clustering phenomenon shows the week mixing ability of a quasi-two-dimensional turbulent flow. This finding is parallel to the results of experiments of Ref. ͓16͔, where the measured spectra of passive scalars stirred by similar turbulent flows could be fitted only supposing the effective strain rates ␥ eff along the Lagrangian trajectories which are 3 orders of magnitude smaller than the principal strain rate averaged over the system's volume. Of course, some reservations must be made when extrapolating our findings for quasi-twodimensional flows to purely two-dimensional and to threedimensional ones. The two-dimensional velocity fields obtained as projections of instantaneous velocity fields in a shallow cell on a horizontal plane are not absolutely divergence-free, due to possible vertical motions. The characteristic values of divergence are small, being a 10 Ϫ3 of v 0 /L. We calculated the divergence charts for the same times as when the positions of the particles were calculated, and plotted them together with the particles' positions. The clusters are not associated with the regions in the flow with negative instantaneous divergence. On the other hand, the nonzero divergences, although small but persisting over longer times, could nevertheless be manifested on the background of stochastic mixing, thus interferring with turbulent stirring.
To conclude, we summarize our findings. Using the experimental data for turbulent velocity fields in a shallow cell, we consider the dispersion of pairs and clusters of particles by such quasi-two-dimensional turbulent flow. We show that the mean square separation of a pair of particles in such flow is connected with rare and extreme events. The connection of these findings with the correlation properties of the velocity field in space and time is discussed.
